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Abstract 

We investigate the existence of local holomorphic solutions Y of linear partial differential equations in 
three complex variables whose coefficients are singular along an analytic variety Q in C^. The coefficients 
^ , are written as linear combinations of powers of a solution X of some first order nonlinear partial differential 

■"nI" ' equation following an idea we have initiated in a previous work 16 . The solutions Y are shown to develop 

singularities along with estimates of exponential type depending on the growth's rate of X near the 
singular variety. We construct these solutions with the help of series of functions with infinitely many 
variables which involve derivatives of all orders of X in one variable. Convergence and bounds estimates 
of these series are studied using a majorant series method which leads to an auxiliary functional equation 
that contains differential operators in infinitely many variables. Using a fixed point argument, we show 
that these functional equations actually have solutions in some Banach spaces of formal power series. 
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1 Introduction 

In this paper, we study a family of linear partial differential equations of the form 

(1) d^Y{t, z, w) = Y^iai^t, z, w)dtdtY{t, z, w) 
keS 

+ a2,kit, z, w)dzd^Y{t, z, w) + a^^k{t, z, w)d^Y{t, z, w)) 
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for given initial data di]Y(t, z,0) = ipj{t,z), < j < S — 1, where 5 is a subset of N^ and S 
is an integer which satisfy the constraints (|116|) . The coefficients am,k{tiZ,w) are holomorphic 
functions on some domain (-D(0, r)^ \ 0) x Z?(0, iu) where Q is some analytic variety of -D(0, r)^ 
(where -D(0, 5) denotes the disc centered at in C with radius (5 > 0) and the initial data ipj{t, z) 
are assumed to be holomorphic functions on the polydisc 15(0, r)^. 

In order to avoid cumbersome statements and tedious computations, the authors have chosen 
to restrict their study to equations ([1]) that involve at most first order derivatives with respect 
to t and z but the method proposed in this work can also be extended to higher order derivatives 
too. 

In this work, we plan to construct holomorphic solutions of the problem ([1]) on (D(0, r)^ \ 
Q) X Z)(0, It)) and we will give precise growth estimates for these solutions near the singular 
variety G of the coefficients am,k{t, z,w) (Theorem 1). 

There exists a huge literature on the study of complex singularities and analytic continuation 
of solutions to linear partial differential equations starting from the fundamental contributions of 
J. Leray in [12j. Many important results are known for singular initial data and concern equations 
with bounded holomorphic coefficients. In that context, the singularities of the solution are 
generally contained in characteristic hypersurfaces issued from the singular locus of the initial 
conditions. For meromorphic initial data, we may refer to [3], [8], [20], [21] and for more 
general ramified multivalued initial data, we may cite [9], [10], [22], |24j . In our framework, 
the initial data are assumed to be non singular and the coefficients of the equation now carry 
the singularities. To the best knowledge of the authors, few results have been worked out in 
that case. For instance, the research of so-called fuchsian singularities in the context of partial 
differential equations is widely developed, we provide [1], [2], [7], [18] as examples of references 
in this direction. It turns out that the situation we consider is actually close to a singular 
perturbation problem since the nature of the equation changes nearby the singular locus of it's 
coefficients. 

This work is a continuation of our previous study [16 J . In the paper [T6], the authors focused 
on linear partial differential equations in C^. They have constructed local holomorphic solutions 
with a careful study of their asymptotic behaviour near the singular locus of the initial data. 
These initial data were chosen to be polynomial in t,z and a function u{t) satisfying some 
nonlinear differential equation of first order on some punctured disc D{tQ,r) \ {to} C C and 
owning an isolated singularity at to which is either a pole or an algebraic branch point according 
to a result of P. Painleve. Inspired by the classical tanh method introduced in [T7|, they have 
considered formal series solutions of the form 

(2) u{t,z) = Y,Mt,z){u{t)y 

l>0 

where ui are holomorphic functions on D{to,r) x D where D C C is a small disc centered at 
0. They have given suitable conditions for these series to be well defined and holomorphic for 
t in a sector S with vertex to and moreover as t tends to to the solutions u{t, z) are shown to 
carry at most exponential bounds estimates of the form Cexp(M|t — to|~^) for some constants 
C,M,^> 0. 

In this work, the coefficients am,k{'t-,z^w) are constructed as polynomials in some function 
X{t,z) with holomorphic coefficients in (t,z,w), where X(t,z) is now assumed to solve some 
nonlinear partial differential equation of first order and is asked to be holomorphic on a domain 
-D(0, r)^ \ B and to be singular along the analytic variety 0. For some specific choice of X{t, z), 
one can build the coefficients ajn.kiti z, w) for instance to be some rational functions of (t, z) (see 
Example 1 of Section 2.1). 



In our setting, one cannot achieve the goal only dealing with formal expansions involving 
the function X{t, z) like ^ since the derivatives of X{t, z) with respect to t or z cannot be 
expressed only in term of X{t, z). In order to get suitable recursion formulas, it turns out that 
we need to deal with series expansions that take into account all the derivatives of X{t^z) with 
respect to z. For this reason, the construction of the solutions will follow the one introduced 
in a recent work of H. Tahara and will involve Banach spaces of holomorphic functions with 
infinitely many variables. 

In the paper [23j, H. Tahara introduced a new equivalence problem connecting two given 
nonlinear partial differential equations of first order in the complex domain. He showed that 
the equivalence maps have to satisfy so called coupling equations which are nonlinear partial 
differential equations of first order but with infinitely many variables. It is worthwhile saying that 
within the framework of mathematical physics, spaces of functions of infinitely many variables 
play a fundamental role in the study of nonlinear integrable partial differential equations known 
as solitons equations as described in the theory of M. Sato. See [19] for an introduction. 

The layout of the paper is a follows. In a first step described in Section 2.2, we construct 
formal series of the form 

3 Uit,z,w) = y2Mt,z,{ ,|\ O o<fe<a)-r, 

^ — ^ /ill/" ~ ~ ai 

solutions of some auxiliary non-homogeneous integro-differential equation (jlip with polynomial 
coefficients in X{t,z). The coefficients (pa, a > 0, are holomorphic functions on some polydisc 
in C""*"^ that satisfy some differential recursion (Proposition 1). 

In Section 2.3, we establish a sequence of inequalities for the modulus of the differentials 
of arbitrary order of the functions (pa denoted ^a,no,ni,{ih)o<h<a ^°^ ^^^ non-negative integers 
a,nQ,ni,lh with < h < a (Proposition 2). In the next section, we construct a sequence of 
coefficients '>Pa,no,ni,{ih)o<h<a which is larger than the latter sequence 

¥'«,no,ni,(ih)o<h<Q — '^a,no,ni,{lh)o<h<a 

for any non-negative integers a,nQ,ni,lh with < h < a and whose generating formal series 
satisfies some integro-differential functional equation (j35p that involves differential operators 
with infinitely many variables (Propositions 3 and 4). The idea of considering recursions over 
the complete family of derivatives and the use of majorant series which lead to auxiliary Cauchy 
problems were already applied in former papers by the authors of this work, see [11], [13], [14j . 
[E], [16]. 

In Section 3, we solve the functional equation (j35|) by applying a fixed point argument in some 
Banach space of formal series with infinitely many variables (Proposition 10). The definition 
of these Banach spaces (Definition 2) is inspired from formal series spaces introduced in our 
previous work [16j. The core of the proof is based on continuity properties of linear integro- 
differential operators in infinitely many variables explained in Section 3.1 and constitutes the 
most technical part of the paper. 

Finally, in Section 4, we prove the main result of our work. Namely, we construct analytic 
functions Y{t,z,w), solutions of ([T]) for the prescribed initial data, defined on sets K x D{0,w) 
for any compact set K C -D(0, r)^ \ Q with precise bounds of exponential type in term of 
the maximum value of |X(t,z)| over K (Theorem 1). The proof puts together all the con- 
structions performed in the previous sections. More precisely, for some specific choice of the 
non-homogeneous term in the equation (|lip . a formal solution ([3]) of (|lip gives rise to a formal 
solution y (i, z, w) of ([T|) with the given initial data that can be written as the sum of the integral 



d~ U{t, z, w) and a polynomial in w having the initial data (pj as coefficients. Owing to the 
fact that the generating series of the sequence '^a,no,ni,{ih)o<h<a^ solution of PS|) . belongs to the 
Banach spaces mentioned above, we get estimates for the holomorphic functions (pa with precise 
bounds of exponential type in term of the radii of the polydiscs where they are defined, see 
(|134p . As a result, the formal solution U{t,z,w) is actually convergent for w near the origin 
and for {t,z) belonging to any compact set of D(0,r) \ Q. Moreover, exponential bounds are 
achieved, see ()135p . The same properties then hold for Y{t,z,w). 

2 Formal series solutions of linear integro-difFerential equations 

2.1 Some nonlinear partial differential equation 

We consider the following nonlinear partial differential equation 

d 

(4) 5iX(t,z) = a(t,z)a,X(t,z)+J^ap(i,z)XP(t,z) , X{0,z)=f{z) 

p=0 

where d > 2 is some integer, the coefficients a{t,z), ap{t,z) are holomorphic functions on some 
polydisc Z?(0, i?')^ C C^ such that ad{t,z) is not identically equal to zero on D{0,R')'^ and the 
initial data f{z) is holomorphic on D{0,R')^. Notice that the problem Q can be solved by 
using the classical method of characteristics which is described in some classical textbooks like 
[H, p. 118 or [6], p. 100. 

We make the assumption that (JH has a holomorphic solution X{t, z) on -D(0, R')^ \ where 
Q is some analytic variety of -D(0, R')"^ (i.e. for any point M E -D(0, R')"^ , there exists a neighbor- 
hood W of M in -D(0, R')^ such that iY PI is the common zero locus of a finite set of holomorphic 
functions {/i, . . . , fm} on U for some integer m>l). 

Example 1: The solution of the problem 

dtX{t,z)=d,X{t,z)+X^{t,z) , X(0,z) = /(z) 
where f{z) is some polynomial on C, writes 



X{t,z) 



i-tfit + zY 



Therefore, X{t,z) is holomorphic on C^ \ where = {{t,z) € C^/1 — tf{t + z) = 0} is an 

algebraic variety. 

Example 2: The solution of the problem 

dtX{t,z) = zd,X{t,z)+X\t,z) , X{0,z) = f(z) 

where f{z) is an holomorphic function on C, writes 

/(exp(t)2;) 



X{t,z) 



1 - t/(exp(t)z) 



The solution X{t,z) is holomorphic on C^ \ where the singular variety is the zero locus of 
one analytic function = {(t, z) € C^/1 — tf{exp{t)z) = 0}. 



2.2 Composition series 

Let X be as in the previous subsection. In the fohowing, we choose a compact subset Kq with 

non-empty interior of I?(0, R)'^ \ G for some R < R' and we consider a real number p > 1 such 

that 

sup \X{t,z)\ < p/2. 
it,z)eKo 

Let K ^ Kq be a compact set with non-empty interior lnt{K). From the Cauchy formula, there 
exists a real number z/ > such that 



(5) sup ' -^,;; -' < p/2 



\d^Xit,z)\ 

{t,z)elnt{K) 



for all integers /i > 0. For all integers a > 0, we denote /(a) = {0,... ,a}. We consider a 
sequence of functions (j)aivo,vi, {uh)hei(a)) which are holomorphic and bounded on the polydisc 
D{0,RfUh(,j(^a)D{0,p), for ah a > 0. 

We define the formal series in the w variable, 

(6) U{t, z,w) = Y^ Mt, z, ( %,\' ^ W(a))-r- 



a>0 



For all a > 0, we consider a holomorphic and bounded function oJa{vo,vi,{ufi)hei(a)) on the 
product I?(0, i?')^n^£/(Q,)D(0, p). We define the formal series 



(7) U;{t,Z,w) = '^UJa{t,Z,{ 



d^X{t,z). .w^ 



h\vh ^^e^(")^ a! ■ 

Let 5 be a finite subset of N and let S" > 1 be an integer which satisfies the property that 

(8) S>k 

for all k G S. For all /c G 5, m = 1, 2, 3, we consider holomorphic functions 

(9) bm,k(t,Z,Uo,w) = y^Kn,k,a{^,Z,UQ)—- 



o>0 



on D{0,R')^ X C X D{0,w), for some tt; > 0, which are moreover polynomial with respect to uq 
of degree dm,k > 0- 



Proposition 1 Assume that the sequence of functions {(f>a)a>o satisfies the following recursion 



a\ ^ — ' ^ — ' ai! 

k£S ai+a2=ct,a2>S—k 

dvo4>a2+k-s{vQ,vi,{uh)h&i{a2+k-s)) , >r^ ^ >r^ d[\a{vQ,Vi) 

jeI(a2+k~S) h+l2=j 

sr^ sr^ dviapivo,vi) ^p ■^ duj<pa2+k-sivo,vi,iu h)hei{a2+k^s)) 

p=Oio+...+ip=i -^^ 

V^ V^ b2,k,ai{vo,Vi,Uo) 



A;G<S ai+a2=a,a2>S—k 
/^dvj^4'a2+k-sivO,Vl,iUh)heI(a2+k-S)) 

V "2! 

+ 2^ u + iji^^+i 



j€l(a2+k-S) 



02' 



■Sp V^ h,k,ai{vO,Vl,Uo) 4>a2+k-sivO,Vl,iUh)heIia2+k-S)) 



ai! 02! 

A;£<S ai+a2=a,a2>S—k 



'^aivo,Vi,{uh)heI(a)) 



a\ 



for all a > 0, all fo,wi G D{0,R), all Uh € D{0,p), for h € /(a). T/ien, i/ie formal series 
U{t, z, w) satisfies the following integro- differential equation 

(11) U{t, z, w) = J^(6i,fc(t, z, X{t, z), w)dtd-^+^U{t, z, w) 

k&S 

+ 62,fc(t, z, X{t, z),w)d,d~^+''U{t, z, w) + 63,fc(t, z, X{t, z),w)d~^+''U{t, z, w)) + u{t, z, w) 
for all (t, z) G Int(i^), where 9~™ denotes the m-iterate of the usual integration operator L [.]ds 

Proof We have that 

b3,k{t, ^> X{t, z),w)d~^+^U{t, z, w) 



E, Sr^ , b3,k,ai{t,Z,X{t,z)) (t>a2+k-s{t,Z,{ "^i^fe )heHa2+k^S)) . W°' 

^ ^ "■ ail as! a\ 

a>0 ai+a2=a,a2>S—k 

and we also see that 
b2,k{t, z, X{t, z),w)d,d-^+'U{t, z, w) 

, b2,k,ai {t, Z, X{t, z)) dz{(j)a2+k-sit, Z, i^^^^)heI{a2+k-S))) ■. W°' 



E( E 



a\- 



ai! 02! C(\ 

a>0 ai+a2=a,a2>S—k 



with 

d^Xit z) d^X(t z) 

dz{(t)a2+k-s{t, Z, ( ^^i^fe )h&I{a2+k-S))) = {dvi4'a2+k-s){t, Z, ( "" ^,^fe )heI{a2+k-S)) 

^^ ,. ^, di'^^X{t,z) ^^ ^ ,, ,d'}X{t,z)^ 

iG/(a2+fc-s) u ;• 

for all {t,z) G Int(i^). We also get that 

6i,fc(t, z, X{t, z),w)dtd-^+'Uit, z, w) 

E, Sr-^ , bi^k,aiit,Z,X{t,z))dt{(l)a2+k-s{t,Z,{ "^,^1'^ )fegj(a2+fc-g)) W" 

^ ^ "■ ai! as! ^ a\ 

with 

Ot{(Pa2+k-S{t, Z, ( — — ^^^ )ftg/(a2+fc_5)j = {OvQ(Pa2+k-S)['t, Z, ( — — ^^^ )heI{a2+k-S)) 

+ 2^ Ti^j [du,(pa2+k~S)[t,Z,{ ^,^^ }heI(a2+k-S)), 

jeI{a2+k-S) 

for all (t, -z) G Int(i^). Now, from (j3|) and the classical Schwarz's result on equality of mixed 
partial derivatives, we get that 

dtdix{t,z) didtX{t,z) 1 • n , V^ /. wpu w 

— Ih7^ — " — ^1 — " Ti^^'^'^^*' ^)^-^(*' ^) + 2^ «p(*' ^)^ (*' ^)) 



and from the Leibniz formula, we can write 



-^8iiait,z)d.Xit,z))= Y. i^fe + ^)- (,;+i),U+i 

h+^2=j 

and 

for all {t,z) G Int(i^). Finally, gathering all the equalities above and using the recursion ([T0|) . 
one gets the integro-differential equation (|lip . D 



2.3 Recursion for the derivatives of the functions (pa, a > 

We consider a sequence of functions (pa{vo,vi,{uh)hei{a))^ a > 0, which are holomorphic and 
bounded on some polydisc D{0, R)^Ilfi^ji^a)D{0, p) for some real numbers R> and p > 1 and 
which satisfy the equalities PU]) . We introduce the sequences 

\vo\<R,\vi\<R,\ui^\<p,hGl{a) 



for all nQ,ni > 0, all /ft > 0, /i G /(a), for all a > 0. We define also the following sequences 

(13) bm,k,a,no,nulo = SUp \d^°dl^^ dll\^bm,k,a{'^0,Vl,Uo)\, 

\vo\<R,\vi\<R,\uo\<p 

^a,no,nuilh)hel(c,) = ^Up |5"o°5^/n;,ej(„)a[';a;„(vo, ^^l, K)hG/(a)) I 

\vo\<R,\vi\<R,\u,^\<p,heI{a) 

for 771 = 1, 2, 3 and k G S. We put 

(14) Aj{vo,Vi,{uh)heIia+l))= Y^ "'^ ,^;| {l2 + l)uui^ + i 

h+h='j ^'^ 

p=Ojo+-+ip=i 
and 

(15) Bj{vo,vi, {uh)heHa+i)) = U + l)i^^tj+i 

for all j G I{a), 'Voji'i £ D{0,R') and u^ € C, ft, G /(a). We define the sequences 

\vo\<R,\vi\<R,\uh\<p,h€l(a) 

and 

^i,a,no,ni,a;,)hg,(,+i) = sup \dl};^d^^Uhei(a)dl^^Bj{vo,vi,{uh)hei(a+i))\ 

\vo\<R,\vi\<R,\u,i\<p,heI{a) 

for all j G /(a), all uq, rii > 0, all Ih ^ ^j h G I{a + 1), for all a > 0. We also recall the definition 
of the Kronecker symbol Sq^i which is equal to if / 7^ and equal to 1 if Z = 0. 



Proposition 2 The sequence V'a,no,ni,{ih)hei(a) satisfies the following inequality: 






Ol,fc,ai,no,i,ni,i,io.i TT ;: .. ^°''2+k-S,no^2+i-,ni,2,{lh,2)hSI(a2+k-S) 



^ j iihe/(a)\{0}^0,ih,i X —^ iifee/(a)\/(a2+fc-5)'J0,/h,2 



je/(a2+«: — 5) "0,l+"0,2+"0,3="-0'"-l,l+"l,2+"l,3="l \ y ' ' ' 

'h,l+'^,2+'h,3='h''»6-f(") 

Ol,fc,ai,no,i,ni_i,«o,i 



ai 



] ^hel{a)\{0}^0,lh,i X ^i,Q2+A:-5+l,no,2,ni,2,(«h,2)hg/(„2+fe-S+l) 



X l'l'heI{a)\I{a2+k-S+l)'J0,lh,2 ^ ~i ^ ''''h&I{a)\Iia2+k-S)00,lh,3 



E E E 



nolni\Uh(zi^a)l 



.^^ ^ ^ ^ ?^o,i!no,2!ni,i'^i,2!n/je/(a)^h,i!^h,2! 

/cGo ai+a2—Q^ ^0,1+^0,2— ^O'^l, 1+^1, 2—^1 v y ' ' 

^2,fc,ai,no,i,ni,i,;o,i-n- r '''a2+fc-5,no,2,ni,2+l,(ih,2)hg/(Q2+fc-S) -p^ e 
—^^ '-^heliaMoymh,! ^ —^ >^^hGl{a)\Iia2+k-S)%,lh,: 

sr-^ sr-^ no!ni!nfagj(a)/fe! 

■ ^r,^, c.^ 4, 4, 4. 4. '^O, 1 '^0,2 !no,3 !?^1,1 '^1,2 ! ?^1,3 ^/^^/(c,) /fe,i ! /h,2 ' ^M ' 

je/(a2+«:-o) "0,l+"0,2+"0,3='i0."l,l+"l,2+"l,3="l \ y i . i 

'h,l+'h,2+'h,3='h''»G-f(°) 
02, fe.oi, no, i,ni, 1,^0,1 ■ 



ai 



] ^h£l{a)\{0}^0,lh^i X Bj,a2+k~S+l,no,2,ni,2,(lh,2)hGl(c.2+k-S+l) 



jj r '''a2+fc-S',no,3,ni,3,('h,3)hG/(a2 + fe-S),h7^i''i,3 + l „ 1- 

X ii/ie/{a)\/{a2+fc-5+l)00,ife,2 X — j X li;jg/(^)\/(„2+fc-S')00,ih,3 



,^c ^ ^ 4. ?^o,i!f^o,2!?^i,i!ni,2!n/jg/(„)//,,i!//,,2! 

KGo ai+a2 = ai "0,l+"'0,2="'0""'l,l+"l,2="l V / ' ' 

o^2>S~k lh^l+lh,2 = ^h^heHc) 

03,fc,ai,no,i,ni,i,/o,i „ e '^"2+fc-S',no,2,ni,2,{'h,2)h6/(Q2+'=-S) -pf r 
—^ ^^/ie/(a)\{0}'JO,«h,i X — llheI{a)\I{a2+k-S)mh,2 

^a,no,ni,(lh)hei(a) 



for all a > 0, all no,ni, Ih > for h € I{a). 

Proof In order to get the inequality (fT6]) . we apply the differential operator dy°d^^Ilh^j(^a)duf^ 
on the left and right handside of the recursion pop and we use the expansions that are computed 
below. 

^From the Leibniz formula, we deduce that 

(17) dy°di;^Uh(.i^a)dt^{hk,ai{'"0,Vl,Uo)<Pa2+k~s{vo,Vl, {Uh)heI{a2+k-S))) = 

no,i!no.2!ni,i!ni.2!nft,e/(a)/h,,i!//i.2! ^ ' 

"•0,l+"0,2="'0."l,l+"l,2="l ' ' ^ \ / ^ ■ 

'/i,l+'h,2='h.''6-r(<^) 



X dv°''^dv^''^Uf^^j(^a)du^'^{(pa2+k-sivo,Vl, iUh)h(^I{a2+k-S))) 



10 



and 

Eno-'rai.ll/jg/(Q)t/j. owo 1 --i"! 1 TT '4hi/i I \\ 
j j j — — - — -d„,; 9^1 • n;,gj(„)9„^' (&i,fe,ai(wo,wi,^io ) 
no,i!no,2!ni,i!ni,2!n;jgj(^)^/ii!Z,,2! ^ ' 

"0,1+"0,2="0>"1,1+"1.2="1 ^ ^ ; ' • 

Moreover, we can write 

(19) 9"j°''9"i'''n;,gj(„)9„';'' (63,fe,a, {vq, vx.uq)) 

with 

(20) dva''^ dvi''^llhel{a)du,f {(pa2+k-si'>^0,'>^l, {uh)heI(a2+k-S))) 

= dvo'^ dv^'^Ufi(,j(^^^^j^^g'jduil'^ {(t>a2+k-sivO,Vl, {Uh)heI{a2+k-S))) 

X '^heI(a)\Iia2+k^S)^0,lh,2 

and 

(21) 9^o°''9"i'''n;jgj(„)9j;'' (6i,fe,ai (fo, t;i, uo)) 

= dvo'^ dvi'^ duo^ bi^k,aiivo, Vi, Uq) X n,jg7(Q)\{o}<^0,«h,i 

with 

(22) dva''^ dvi''^Ilh(zi(^a)duh^{(pa2+k-s{'>^0,Vl,{uh)h(^I{a2+k~S))) 

= dvo''^ 9^i^'^n;jgj(Q2+fc-5)^M'h^(<Aa2+fc-5(^0,«l, iUh)h€l{a2+k-S))) 

X ^heIia)\Iia2+k^S)^0,lh,2- 



By construction, we have 



(23) Aj{vo,vi,{uh)h(^i(a2+k-S+i)) = Z^ TTT {i'2 -i- ^Ji^ui^+i 

li+h=j 



V- di\a{vo,vi) 



p=Ojo+...+jp=j 



for all j £ I {012 + k — S). Again, by the Leibniz formula, we get that 

(24) a^o5"jin,jg/(„)5[';(6i,fc,ai(vo,fi,no)^j(vo,^'i,(^i/i)fee/{a2+fc-5+i)) 

X duj4>a2+k-s{vo,Vi, {Uh)h£l{a2+k-S))) 



E 



"0,l+"0,2+"0,3="0'"l,l+"l-2+"l,3="l ^ V ; ! I ! 

'h,l+'/i,2+'h,3='h.'»G/(a) 



dvo'^dv^''^Uh(zj(^a)duh^ {bl,k,ai {vo, Vi,Uo)) 
X dv°'^ dvi''^Ilh(zj(^a)duh^ {Aj{vo,Vi, {uh)h£l{a2+k~S+l))) 

X 9i,o°'^C^«^^(n/ig/(a)^/i^j5„''/)9ti'j^ (/)a2+fe-5(^'0, ^'l, iuh)h<^j(a2+k-S))- 
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Inside the formula (|24p . we can rewrite the relations (|2ip and 



(25) dvg''^dvl''^Ilh(zj(^a)duh,^Aj{vo,Vi, {uh)h(z^a2+k-S+l)) 

with 

(26) dvo'^ dvi''^ {Uh^j(^a),hjtjduif)ddf (j)a2+k-s{vo,Vi, (uh)heI{a2+k-S)) 

= dvo' 9vi' {Iih(^I{a2+k-S),h^jduh )duj (t>a2+k-s{vo,Vl,{uh)h€l{a2+k~S)) 

X ^hGlia)\Iia2+k-S)^0,lh,3- 

In the same way, one gets the next equalities 

(27) dl}°dlilUh(,j(^^^dl\{b2,k,aAvo,vi,uo)dv^(l)a2+k-sivo,vi, {uh)hei(a2+k-s))) = 

j j j — -— -dyg' dy,' Ilh^^a)du^ [b2,k,ai[VO,Vl,Uo)) 

"■0,1+"0,2="0."1,1+"1,2="1 ^ \ / ' ' 

X dvo'^dv^''^ ^hGl(a)duh^ {4'a2+k-sivo,Vl, iUh)heI{a2+k-S))) 

with the factorizations 

(28) dvo''^dvl''^Uh(zj(^a)duh^ ib2,k,ai {vo, vi, no)) 

= dv°'^ dv^'^ duo^b2^k,aiivo,Vi,Uo) X IlheI{a)\{0}So,lh,i 

and 

(29) dvo''^dvl''^ ^heI{a)du,f{4>a2+k-sivo,Vi,{uh)h£l{a2+k~S))) 

= dvo'^dvl'"^ ^h&I[a2+k~S)duh {<Pa2+k-s{vO,Vl, {Uh)h<^I(a2+k-S))) 

X ^h&I{a)\I{a2+k-S)^0,lh,2- 

We recall that 

(30) Bj{vQ,vi, {uh)hei{cx2+k^s+i)) = (i + '^)^Uj+i 
for all j G I{a2 + k — S) and we deduce that 

(31) d^^d^lUh(,j(^a)d'^^{b2,k,ai{vO,Vl,Uo)Bj{vo,Vi,{uh)heI{a2+k-S+l)) 

X duj(l)a2+k-s{vo,Vi,{Uh)heI{a2+k-S))) 



y 

''0,l+"0,2+"0,3="0."l,l+'^l,2+"l,3="l ^ \ / 1 I ! 



'h,l+'h,2+'h,3='h.'»6-f(") 



5^0°''^"i'''n/,6/(a)(9j;'' (62,fc,ai (^0, ^1, ^o)) 
X dvl'"^ dvl''^^h(^l{a)duh {Bj(vQ,V\, {uh)h£l{a2+k-S+l))) 

X dvo'^ dvl"^ {Uf^(^i(^a-^fi-^jduif)djif (j)a2+k-sivo,Vl, {Uh)h<^I(a2+k-S))- 
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Inside the formula (|3ip . we can rewrite the relations (|28p and 



(32) dvo"^ dvl''^Iih&I{a)duh Bj(vQ,Vi, {Uh)heI{a2+k-S+l)) 

= dvo' dvi' Ilii(zj(^a2+k-S+l)duh Bj{vo,Vi, {uh)heI{a2+k-S+l)) X n^G/(a)\/{o2+fe-5+l)'^0,/h,2 

with the factorization (1261). □ 



2.4 Majorant series and a functional equation with infinitely many variables 

Definition 1 We denote G[[Vo) ^i; {Uh)h>o-, 1^]] ^/^e vector space of formal series in the variables 
Vb, Vi, {Uh)h>o, W of the form 

(33) ^(Fo, ^1, {Uh)h>^, W) = Y, *«(^o, ^1, {Uh)hei(a))^ 

w/iere ^^^ € €[[^0, V^i, (C^fe)fee/{a)]] V all « > 0. 

We keep the notations of the previous section and we introduce the following formal series: 

(yna yni Tjlo \ Ti^Q 
no,ni,(o>0 / 

for m = 1,2, 3, all k €z S, and 



a>0 \no,ni,io>0 



vr y"^ _ f/;'' 



^j,a,no,ni,(/h)„g,(,)— J— yn 



no,ni,iii>0,h£l (a) 

yno yni Jjlh 

^j,a{Vo,Vi,{Uh)heI(a))= Y ■^J>,no,ni,fe)„e/(a)TfTTrT^^e/{a)7f7 

for all a > 0, all j G /(a). We also introduce the following linear operators acting on 
Gm,Vi,{Uh)h>o,W]]. Let 

BA^{Vo,Vi,{Uh)h>o,W) 

= E( E ^j,c.+iiVo,Vu{Uh)hei(a+i))idu,^a)iVo,Vi,{Uh)h^r^^)))^, 

nB'^{Vo,Vi,{Uh)h>o,W) 

= E( E ^J,o.+liVo,V,,{Uh)heI(a+l)){du,^a){Vo,Vi,iUh)i,^j^^)))^ 
a>0 jel{a) 

for all ^ G G[[Vb) ^1) (t^h)/i>0) W^]]- We stress the fact that although these operators act on 
^^[[^0) Vi, {Uh)h>o, W]] their image does not have to belong to this space. 
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Proposition 3 A formal series 



/ y"0 yni jjih \ yya 

a>0 \rao,ni,«h>0,/ie/(a) U 1 h J 

satisfies the following functional equation 

(35) M/(Fo, 1^1, (f//.)/»>o, W) = Y,{Bi,k{yo, Vi, Uo, W)d^^+''dvo^{Vo, V^, {Uh)h>o, W) 

kes 

+ Bi^kiVo, Vi, Uo, W)dy^,^+''OA^{Vo, Vi, {Uh)h>o, W)) 
+ Y.^B2,k{Vo, Vi, Uo, W)dy^.^+''dv,^{Vo, Vu {Uh)h>o, W) 

kes 

+ B2,k{yo, Vi, Uo, W)d^^+''I!}B^{Vo, Vi, {Uh)h>o, W)) 

+ Y, B^,k{Vo, Vi, Uo, W)d^^+H{Vo, Vi, {Uh)h>o, W) 
keS 

+ n{Vo,Vi,{Uh)h>o,w) 



14 



if and only if its coefficients ipa,no,ni,(lh)h ua) ^C'^'i-^fv ^he following recursion 

&l,fc,ai,no i,ni i,«o 1 T-r j- ^a2+fc-5,?io,2+l,ni,2,(^h,2)hei{a2+fe-S') tt 

^^^^ -iUe/(a)\{0}t>0,«h,i X —^^ lifte7(a)\7(a2+fc-S) 



-S)<^0,Z, 



je/(a2+fe-5) "0,1+"0,2+"0,3="0'"1,1+"1,2+"1,3="1 ^ ^ / ' ' ' 

'fe,l+'h,2+'h,3='h'''6-f(") 

Pi, fc,ai, no, i,ni. 1,^0,1 .^^ „ . 

—y^^ ^^/iG/{q)\{0}''0A,1 ^ ^J>2+fc-5+l,no,2,ni,2,ah,2)h6/(a2+fe-S+l) 

„ 1- ''^Q!2+fc-5',no,3,ni,3,('h,3)heI(a2 + fe-S),h7^i''j,3 + l (. 

X iihe/{Q)\/{Q2+fc-5+l)00,«h,2 ^ ^^] ^ ii/lG/{Q)\/{Q2+fc-5)'^0,«ft,3 

KGO a,l+"2=" "0,1+"0,2="0'"1,1+"1,2="1 ^ \ ^ ' ' 

"2>S-fc 'h,l+ih,2='h.fte/(a) 

"2,fc,ai,no,i,ni,i,«o.i T-r j- '''^Q!2+fc-5,?io,2,ni,2+l,(/h,2)hei{a2+fc-S') tt x 
^^^ ii/*e/(a)\{0}t>0,«h,i X ^^^^ Ii/,g/(a)\j(a2+fc_5)d0,/h,2 



n o!rai!nfegj(a)/fe! 



jG/(a2 



xn 



, ^. ^ ^ ^ ^ rao,i!no,2!"-o,3!«i,i!«i,2!«i,3!n/jg/(„)//,,i!//,,2!^fe,3! 

a2+fe-5) "0,1+"0,2+"0,3="0'"1,1+"1,2+"1,3="1 ^ ^ ; ' ' ' 

'h,l+''i,2+'h,3='h'''6-f(") 

02,fc,ai,no_i,ni_i,<(]j ^ „ 

^^^^ iihg/(a)\{0}^OA,i X ^i,a2+fc-5+l,ni,,2,ni,2,ah,2)hei(a2+fe-S+i) 

'''^Q!2+fc-5,no,3,ni,3,('h,3)he/(a2 + fe-S),h7^i:^i,3 + l „ i- 

-Ae/{a)\/{a2+fc-5+l)')0,«h,2 X ^^"j X ^^h(iI{a)\I{a2^k~S)'^QU,z 

hi: 7^ ^ _, no,i!no,2!ni,i!ni,2!n/jg/(a)//,,i!//,,2! 

&3,A:,ai,?io i,ni i,/o i„ ^ ^a2+fe-5,no,2,rai,2,{«?i.2)hel(a2+fc-S) -p^ r 
^^-j '■ ii/ie/(Q)\{0}^0,«h,i >< —^^ ^^h(iI{c)\I{(X2+k-S)%,lh,2 

for all a > 0, all no,ni,lh > with h € I{a). 

Proof We proceed by identification of the coefficients in the Taylor expansion with respect to 
the variables Vq, Vi, {Uh)h€i{a) ^^^ ^ ^oi all a > 0. By definition, we have that 

Bi,kiVo,VuUo,W)d^''+''dv,^{Vo,Vi,{Uh)h>o,W) = Y^ Y^ Ci^^^.W 

a2>S-k 
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where the coefficients C^^ ^^ ^^^ be rewritten, using the Kronecker symbol 5o^m, in the form 

ai,rao,ni,;o -rf ^ _lO_J_L TT ^/t 



/^l _ / V^ fJl,k,ax,no,nx,lo f-f r JLO_ '_]_TT h ' 
<-ai,a2 - ( 2^ — 1 ^^?»e/(a)\{0}<50,i,— J— T^Ue/W 



no,ni,/h>0,/iG/(a) 



no,ni,ihi^Oi^€/(Q) 

Hence, 

/Qf7\ /--l V^ f V^ Ol, A;, ai, no, 1,711,1,^0,1 „ 

(37) C,i,.,= 2^ ( 2^ ai!noi!nii!n,,,(„)Z,i!"^^^(")\W^o,..,. 

no,ni,ih>0,/ie/(Q) "0,1+"0,2="0."1,1+"1,2="1 ' ' \ J > 

'fc,l+'h,2='h''»6-f(") 

^ ^"2+fc-5,no.2 + l,ni.2,fa,2)fe6/(c2+fe-S) TT r U/"0 T/«l n rr'*^ 

a2!"'0,2!«-l,2!li/ig7(a)th,2' 

We also have that 



C1>0 ai+a2— CK 

a2>S-k 



where the coefficients J-"^^ ^^ can be rewritten in the form 



X-l _ \^ f Sr^ Ol,k,ai,no,ni,lo -^ ^ Vp Vj ^ ^h 

-^ai,a2 - 2^ y 2^ — 1 ii/.G/{a)\{0}'30,/ft , , li/,g/(a)Ty, 

je/{Q2-S'+fe) no,«l,«h>0,feG/{Q) 
^ ( E ^i,a2-5+A:+l,no,ni,(«ft)hg^(„2-5+fc+i)^'ie/(a)\/(a2-5+fc+l)<^0,«fc 



"l 

no! ni! ■— ^"' «/,! 

H'a2-S+k,no,niXlh)hei{a2-S+k),hj^j,h + ^- 



^ "^7^"^^^(")7fr^ 



Y^ T-u!2-o-|-re,'ao,«i,vih;hgj(c<2-5+fe).h/j:'j'+--t-Pr j- 

X ( 2^ —^_ ^heI(a)\I(a2-S+k)%,lh 

no,ni,lh>0,hEl{a) 

no! ni! ^ ' hi 



Therefore, 

(38) -^^i,.2= E ( E 

j&I(a2-S+k) no,ni,lh>0,h£l{a) 



^ , , ^ , , a,!no,Jn,,!n,,,(„)/.,!"^^^(")\W^°''- 

"0,l+"0,2+"0,3="0."l,l+"l,2+"l,3="l \ ^ ' 

^j,a2-5+A;+l,no,2,ni,2,('h,2)?ie/{Q2-S+fe+i) ^-^ r 

^ :; — TZ — m ] — i ^^hei{a)\i(a2-s+k+i)0Q,ih,2 

raO,2!"-l,2!ilfeG/{Q)th,2! 



'Vcx2-S+k,no^3,ni^z,(lh,'i)hei(a2-S+k),h^j,h,3+^ 



'^hlzTin'W T(nn-f^-S^k\On 



a2!no,3!ni,3!n,,,(„)/.,3l -^.^HU("2-5+.)Oo,.,3; 

X yo""^rn,,,(„)C/^- 
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On the other hand, using similar computations we get 



B2,k(yo, Vi: Uo, W)d^''+'dv,^{Vo, Vi, iUh)h>o, W) = Y, Yl ^'i,"2^" 



Q:>0 05^+02 — CK 
Q2>S-fc 



where 



ron\ n'i- ST^ I V^ 02,fc,ai,no,l."l,l''o,l tt x 

"0,1+"0,2="0'"1,1+"1,2="1 ^ ^ ^ ' 



no,ni,i|j>0,/i€/(o) 

■V^a2+A:-5,rao,2,ni,2+l,(/h,2)he/{a2+fc-S) 



a2!no,2!"-i,2!n/jg/(a)//i_2! 
We also have that 



nhg/(a)\7(a2+fe-5)'^0A,2)V^l"'nfte/(a)C/;j''. 



i?2,fc(V^0, ^1, f/o, W^)a/+'=BB*(yo, Vl. iUh)h>0, ^) = E E -^"i,"2^° 



a>0 Q j+a2— " 

a2>S-A: 



where 



(40) -^^„„2= E ( E 

jG/(«2-S+A:) no,ni,/h>0,hGi'(a) 

h 

, — j rpf ; — 7''^hei(a)\{o}0o,ihi 

'h,i+'h,2+'h,3='h.he/(a) ''" 
^j,a2-S+k+l,no,2,ni,2,ilh,2)hei(a2-S+k+i) - 



E"2,A;,ai,no,i,ni,i,io,i -p- 

"0,l+"0,2+"0,3="0'"l,l+"l,2+"l,3="l 



rao,2!ni,2!n;,g7(„)//i,2! 

V^a2-S+fc,no,3,ni,3,{«;j,3)hgj-(c,2-S+*),li7^j>'j,3 + l 



nhG/(a)\/{a2 -5+fc+l)'^0,/h,2 
n/iG7(a)\7(a2-5+fe)'5o,«h,3) 



and 



where 



a2!"'0,3!"'i,3!n/jg/(«)l/i,3! 
BsM^o, Vi, Uo, W)9/+'=^(yo, Vi, {Uh)h>o, W^) = E E ^La2^'" 

a2>5'— fc 



(41) C,..2= E ( E ai!noi!nii!n,,.„)l,i!"'^^^(°)\W'^OA, 

'^0,'^l:';i>0,fi.G-/'(Q!) "0,1+"0,2=".0>"1,1+"1,2='»1 ' ' \ I ' 

V'a2+fc-5,no,2,ni,2,(/fe.2)feg/(a2+fc-g) TT A U/"OT/nin rr''^ 

a2!"-0,2!"'l,2!ilhG/{a)t/i,2! 

Finally, gathering the expansions ([37]), dMD, dMD and (gOD with (01]) yields the result. □ 

Proposition 4 T/ie sequences 'fa,no,nu{ih)hei{c.) ^^'^ ^a,no,ni,{ih)hei{c) satisfy the following in- 
equalities 

^4^j 'Pa,no,ni,{lh)hei(c,) — ^a,"o,ni,{'h)he/(a) 

for all a >0, all no,?^l > 0, a// Ih ^0, h (^ I[a). 
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Proof For a = 0, using the recursions (|T0|) and (j36j) . we get that 

for all no,ni,lQ > 0. By induction on a and using the inequalities (fT6]) together with the 
equalities (p6]) . one gets the result. □ 

3 Convergent series solutions for a functional equation with in- 
finitely many variables 

3.1 Banach spaces of formal series 

Let yO > 1 and a, Vq, Vi, W, 5 > he real numbers. For any given real number 6 > 1, we define 
the sequences ri,{a) = Yln=o -*-/("- + ^)^ f°^ all a > and Uh = 6/{h^ + 1) for all h > 0. 

Definition 2 Let a >0 be an integer. We denote E ^^y^y^/fj\ the vector space of formal 

series 

that belong to C[[Vo,Vi, (Uh) he i (a)]] such that the series 

\\'^{Vo,Vi,{Uh)heI{a))\\p,ayoyi,iUH)hei(c) 



E 



exp{arb{a)p) (no + rii + Y.hei(a) ^h + a)! 



is convergent. We denote also G/ y^y/fj^^ t^^ the vector space of formal series 



*(l^o, ^1, {Uh)h>o, W) = Y, ^«(^o, ^1, {Uh)hei{ 



q)J 



a>0 



a 



where ^^{Vq, Vi, {Uh)hei{a)) belong to E y^yify^ for all a > 0, such that the series 

a>0 

is convergent. One checks that the space G/p vb ^l m^v ^i^^^-j equipped with the norm 
\\-\\{p,Vo,Vu(Un)h>o,W) is a Banach space. 

In the next two propositions, we study norm estimates for linear operators acting on the 
Banach spaces E ^^y^y/jj^ constructed above. 

Proposition 5 Consider a formal series 

h{Vo,Vi,{Uh)hei{a))= E ^«o,ni,(«ftkg,(,)-fTT7T^'^e^H77r 

no ,ni ,/(, >0,nS-/ (a) 
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which is absolutely convergent on the polydisc D{0, Vq) x D{0, Vi) XheUa) D{0, Uh)- We use the 
notation 

\h\{Vo,Vi,{Uh)h&i{a))= Y^ \K,,m,{iH)henc.)\ ° 1 „j ^'^e^WTTT- 

Let'^{VQ,Vi,{Uh)h&i{(x)) ^e^on^m^ to ^^,,vb VI (i7^)^^^^^j. Then, the following inequality 

<\h\{V^,Vu{Uh)hei(a)m{Vo,Vi,{Uh)hei{c.))\\p,ayo,v^^^^^ 
holds. 

Proof Let 



yno yni Jjll 






which belongs to Ep^a,Vo,Vi,(Uh) r -^^ definition, we have that 

\\b{Vo,Vi,{Uh)heIH)^iVo,Vi,{Uh)heI{a))\\p,a,Vo,V,,{U^)neH. 



E I E 



no!ni!n/,g/(Q)//j! 



,^,^,, , ^ -^^ _, no,i!no,2!ni,i!ni,2!nfte/(a)^ft,i!^A,2! 

no,ni,/h>0,feG/(Q) "o,i+"0,2="0."l,i+"i,2="l \ / ^ ' 

Ono.i,ni.i>a..i)hei(«)^no.2,ni,2,ah,2).e/(.) I exp(cjrfe(a)/9) (no + ni + Ehg7(a) ^/i + ")! ' 

We can give upper bounds for this latter expression 

(44) ||6(l^o,Vi,(t//,);,e,(„))vI/(Vb,yi,(t//,),e/(a))llp,a,yo,^i,{C/.Wi(.) 



' 

no,ni,lh>0,h€l{a) "o,i+"0,2="0 

'h,i+'h,2='h.ft6-f(«) 



^^ ^ V"'0,2!ni,2!n/jg/(Q,)//j2: 

0."1,1+"1,2="1 \ y ' 



(a) I ,->nO,lf>"-l,l-n- TT-> 



(n0,2 + ni,2 + Efee/(a) ^fe,2 + g)! \ l^«o,i,ni,i,fa,i)fegi 

(no +ni + E,e7H //. + «)! J no,i!ni,i!n,g,(,)/,,i! "^ ^^i ^^^e^W^/. 

X l^no,2,ni.2,a.,2).e/(.) 1 exp(ar5(a)p) (no,2 + ni,2 + Ehe7(a) ^2 + «)! 



Lemma 1 For all integers a,nQ,ni > 0, all l^ > 0, all < no,2 ^ "^q, a// < ni^2 ^ ^i, aZZ 
< lh,2 ^ '/i /o?" /i G -^(o), we /laue i/ia^ 



(45) 



no!rai!nfegj(a)/fe! (no,2 + ni,2 + EfeeJ(a) ^fe.2 + «)! ^ 
no,2!ni,2!n;jgj(^)Z,,^2! ("o + m + Xl/iG/Ca) ^/^ + ")' 
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Proof For any integers a <b and a > one has 

(g + g)! a! 

by using the factorization (a + a)! = (a + a)(a + a — 1) • • • (a + l)a!. Therefore, one gets the 
inequahty 

, . rao!ni!nfeg/(^)/fe! (no,2 + ni,2 + Efegj(a) ^fe.2 + «)! 

no!ni!nfegj(c,)/fe! (?^o,2 + ^1,2 + Efoe/(a) ^^.2)! 
- no,2!ni,2!n;jgj(^)Z,,,2! (no + ni + Ehe/{a) ^/i)' 

Now, from the identity {A + 5)"o+"i+She/(a) '^ = (^ + BY'' {A + B)"i x n;,gj(„)(^ + B)^^ and 
the binomial formula, we deduce that 



no,i!no,2!ni,i!ni,2!n;,g7(„)Z;i,i!/ft,2! 

(no + m + Efee/H^?*)' 



< 



(no,l + rai,i + EhG/(a) ^/i,l)KnO,2 + ni,2 + Eh67(a) ^/i,2)! 

for all no,i + no,2 = n-o, ni^i + ni^2 = n-i, //i^i + //j^2 = ^h- Therefore, we deduce that 
no!ni!n;,g/(„)//,! (no,2 + ^1,2 + EhG/(a) ^/i,2 + a)! 



(48) 



nQ,2^-ni,2^.Iih(iI{a)ki,2^- (no + ni + E/iG/{a) ^/^ + ")' 



^ no,i!ni,i!nfegj(a)/fe,i! ^ 

and the lemma follows from the inequalities ()47p . ()48p . □ 

Finally, the inequality (gS]) follows from (gH) and (gS]). □ 

Proposition 6 Let a, a' he integers such that q' > and a' + 1 < a. Let j € I{a') and 
k £ {0,1}. We have that 



(49) ll%,*(^o,^i,(t/.).G/K))llp,«,yoy.(&.w.(.) 

exp(-fTP(^^YF) 



< 



f/,nfj-,"-^(a-/ + i) 



\^^Q^y\AVh)h<^l{c,'))\\p,o,'y,,y^lUu)n<^i(^')' 



(50) l|9y,*(Fo,-t^i,(C/OhG/(a'))llp,a,v>o,yi,(^.).,.(.) 



and 

(51) 11^(^0, V^l,(^h)hG/(a'))llp,a,Voyi,(C7,)fte7(.) 

exp(-ap(^) 



exp(-ap^^) 

< ^^ l'^(^0,^l,(C^h)fce/{a'))llp,"',Vo,t/i,(C7h);,g,(,,)> 



< 



nr=T(a-^ + i) 

/or a// ^(^0,^1, (C//Ofte/(a')) G ^p,a',Fo,Vi,(f/h);,g,(<,/) • 



|*(yO,"l4,(C/fc)hG7(a'))llp,a',K.,Vl,(C/;.ks/(c') 
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Proof Let *(Vb, Vi, {Uh)hei{a')) G ^p,a',Vb,Vi,(c7h)^g^(^,) that we write in the form 

yrio yrii jjlh 

Y^ ^no,nu(.lh)H^l(^')'^h&I{c,)\I{a')^0,ln j ^ ,^h&I{c)JT- 

no,ni,t^>U,n£-/(aj 

By definition, we get that 

\\du,^{yQ,Vi,{Uh)h&i(,a'))\\p,ayoy,,{Uh)hmc.) 

no,n,Ai^,/.e/(a) exp(ar,(a)p) (no + n^ + E,e/(a) ^^ + «)! ' 

We give upper bounds for this latter expression, 

(52) ||af/^.^(yo,V^i,(^.).e/(.'))llp,.,Vo,t^.,(t/.k,,(.) 

/ (no + ni + J2heiia'),h^j Ih + lj + l + a')! i \ 



E 

no,ni,ift>0,feG/{o') 



(no + ni + X]he/{a') ^^^ + ")' ^i exp(o-p(rfe(a) - rfc(a'))) y 

exp{an{a')p) (no + rii + Ylh(ii(a'),h^j lh + lj + l + a')\ 



Lemma 2 We have 

(no + ni + J2hei(a'),h^j k + Ij + I + a')\ 



(53) 



(no + ni + E/ie/{a') ^^ + ")' exp(crp(r;,(a) - rfe(a'))) 

r^^r-^f ^^ a— a' •• 

exp(-aP(^^Y)ir. 



< 



n--'-i(a-/ + i) 

Proof We notice that 



a — a 



r6(a) - rb(a') = ^ , ^ ^., > 



n=a'+l ^ ^ ^ ^ 



and, with the help of (06]), that for all integers a > 0, 

{a + l + a'y. ^ 1 



(a + a)! - W^-^^'-^a-l + l)' 

The lemma follows. □ 

We get that the inequality ()49p follows from ()52p together with ()53p . Finally, using similar 
arguments, one gets also the inequalities (f50|) and ([5T]). □ 

In the next two propositions, we study norm estimates for linear operators acting on the 
Banach space G(^py^y^^^u,^)^^^,W)- 
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Proposition 7 Let a formal series 6(Vo, Vi, Uq, W) € C[[Vo) ^ii t^) W^]] ^e absolutely convergent 
on the polydisc D(0,Vb) x l?(0,yi) x D{0,Uo) x D(0,1^). Lei ^(Vb, Fi, (C//,)/,>o, VF) belong- 
ing to G{pyoyi,(Uh)h>o,W)- Then, the product b{Vo,Vi,Uo,W)'^{Vo,Vi,{Uh)h>o,W) belongs to 
G{p,Vo,VuiUh)h>o,W) ^^d the following inequality 

(54) I \biVo, Vi, Uo, W)^{Vo, Vi, (i7,),>o, ^)l l(p,i7o,V'i,(J7.).>o,VF) 

<\b\iVo,Vi,Uo,Wm{Vo,ViAUh)h>o,W)\\f^^y^y^^(^a,)^^^^ 
holds. 

Proof Let 



b{Vo, Vi, Uo, W) = Y, baiVo, Vi, Uo 



a! ' 

a>0 



^{Vo, Vi, {Uh)h>o, W) = Y^ ^„(Vb, Vi, {Uh)heii. 



a>0 



By definition, we get 

(55) mVo,Vi,Uo,W)^{Vo,Vi,{Uh)h>o,W)\\^^y^y^^^u,),>o,w) 

-Z^ll 2^ "• —} —I \\p,ayoyr,iUn)Heiic)^ ■ 

a>0 ai+a2=a 

Lemma 3 We have 

(56) \KAyO,yi,Uo)^aAyO,Vu{Uf,)heI(a,))\\p,a,Vo,Vum),,,,^, 



Q2 



<^KAiVo,V,,Uoma2iVo,Vum,^j^^,^)\l^^^^^^^^ 



Proof We can write 

bai{Vo,Vi,Uo) = 2^ ba-^,no,ni,io^hei{a)\{o}^o,ih — j r^hei{a)-rT 

^ — ' no- ni'. ifi- 

no,ni,/(i>0,?iS/(a) 

and 

'^a2{Vo,Vi, {Uh)helia2)) 

= Yl ^«2,no,ni,(Z^)hs7(c2)n/ie/(a)\/(a2)'^OA^^nfte/(a)-^- 

By remembering ()43p of Proposition 5, we deduce that 

(57) |!6ai(V"0,^l,f^0)^a2(Vb,V"l,(f/h)hG/{a2))l!p,a,Vb,V^i,(C/h)h67(c.) 



< 



\Oai\[Vo-,Vl,Uo)[ > 7 ^-^—. 7 ■ — ^^ ; - 

it^hart ^ exp{arb(a)p) [no + ni +J2hel(a2)^h + 



a ! 
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Lemma 4 We have 



(58) .^ , ^ , v^ ^— TT < 



02! 



(no + ni + E/^e/(a2) ^/* + ")' «' K + rii + EhG/{a2) ^h + "2)! ■ 

Proof We write 

1 _ (no + ni + EhG/(a2) Ih + "2)! 1 



(no + ni + Efte/K) ^^ + ")' (™o + m + Ehe/K) ^^^ + «)' ("0 + m + Ehe/^) ^/^ + "2)! 

and we use the inequality 

(a + 02)! 02! 
(a + a)! ~ a! 

for all a = ai + a2 and all a € N which follows from ()46p . This yields the lemma. □ 

Using the fact that ex]i{arb{a)p) > ex];){arh{a2)p) and gathering the inequalities ([57|l and ([58 
yields dSS])- □ 

Finally, using ([55]) with ([56]) . one gets 



(59) 116(^0,^1, f/o,W)*(l^,^i,(f/h)h>o,W^)ll(p,y„,y,,(c7,),,„,iy) 

from which the inequality ([54p follows. □ 



Proposition 8 ij Lei S*, /c > 6e integers such that 

(60) 5 > A; + 1 + max(6(di,fc + 2) + 3,d + I + b{d + di^k + !))• 
Then, there exists a constant Cg.i > (which is independent of p > 1) such that 

(61) ||Si,fc(^o,^i,C/o,H^)5^/+'lKA^(Vb,V^i,(C/h)h>o,H^)||(p,M,,F,,{a,),>o,W') 



< 



Cs.iW'-'\\^{Vo,V^,{Un)n>o,W)\\^py„y^^^O,),^^,w) 



for all 'I'(yo,yi, {Uh)h>o,W) e %yo,Vi,(C/,).>o,iy)- 
Sj Let S,k > be integers such that 

(62) S>k + 3 + b{2 + d2,k)- 

Then, there exists a constant Cs.2 > (which is independent of p > 1) such that 

(63) |iS2,fc(^o,^i,^o,H^)5t/+'BB*(^o,^i,(^h)^>o,W^)II(p,y„,v-,,(J7,).>o,H') 



<C8.2T^^-'=||^(yO,^l,(f//.)h>0,W^)||(p,Vb,Fi,(t/.).>o,H') 



for all ^iVo,Vi,{Uh)h>o,W) G G, 



{p,Vo,Vi,(Uh)h>o,W)- 
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Proof 1) We show the first inequahty (j6ip . We expand 

Bi,k{Vo, Vi, Uo, W) = Y, Bi^kA^o, Vi, [/( ^ 

By definition, we have 



oj— r 

a>0 



(64) \\B,^kiVo,Vi,Uo,W)dy^f+''BA^iVo,Vu{Uh)h>o,W)\\ 



Ell >r^ ,-Bi fcQ,j(Vo,T4,f/o) 
'I ^ "' ^\ 

, V^ Aj,a2-S+A;+l(V b, Vl, {Uh)heI(a2-S+k+l)) 

jGlia2-S+k) 



02! 



Now, using Lemma 3, we deduce that 

(65) \\B^,kiVo,n,Uo,W)d^'+^BA^iVo,V,,{UH)h>o,W)\\^^y^y^^(^^^^^^ 
^sr-f ST \Bi,k,ai\{Vo,Vi,Uo) ff sr^ . ... -J. .... X 

< 2^( 2^ ^^-j II 2^ Aj,„2_5+fc+l(l/0, V/l,((^hj?te/(a2-5+fc+l)J 

Q>0 ai+a2=a,a2>S—k j&I{a2—S+k) 

X (5c/j*a2-5+fc)(Vb,Vi,(?7/j),,g/(Q2_5+fc))||^^„2,Vb,t7i,{C/h),,6j(<,2))^" 

In the next lemma, we give estimates for the coefficients of the series Aj^^ and |-Bi,fc,a!- 
Lemma 5 1) The coefficients of the Taylor series of Aj^a2-S+k+i(yo,Vi,{Uh)hei{a2-S+k+i)) 

Aj,a2-5+fc+l(Vb, Vi, {Uh)heI{a2-S+k+l)) = 

T.no T/Jii Tj-lh 

V^ A 10_}j_TJ iJl. 

/ J h(^2-S+k+l,nQ,ni,{lh)h^I(a2-S+k+l) j^\ m! *-"^~'^''''^'''^'* /ft! 

no,ni,«h>0,he/{a2-5+fc+l) 

satisfy the next estimates. There exist constants a, 5 > 0, with 5>6,ap>0,0<p<d such 
that 

/r.r.\ h^-i-S+k+l,no,n'i_,(lh)heUa^-S+k+l) 

[bbj j — — — 

no!ni!n^g/(a2-5+A:+i)f/i! 

^ av{a2 -S + k + lf{p + 5) + {d+l) maxo<p<rf ap{p + 5YVd{a2 - S + k) 

— ^»io+ni+Ehe/(Q2-S+fe+i)'h 

for all a2 > S — k, all j G I{a2 — S + k), all no, ni, Ih ^ 0, h G I{a2 — S + k + 1) where Vd is 

defined in ( [7J| ). 

Sj T/ie coefficients of the Taylor series of \Bi^k,ai\iyo,Vi,Uo) 



|-Sl,fc,ail(Vb, Vi, t/o) — 2^ &l,A;,cn,no,ni 



h- 



no,ni,(o>U 

satisfy the following inequalities. There exist constants 5 > 6, -Di,fc,-Di,fe > with 

(Q^. bl,k,a,,no,n,,lo ^ Dl,k{P + ^^^''^I'-Kk 

^ ' no!ni!/o! ~ Jno+ni+Zo 

for all ai > 0, all no, n-i, ^0 ^ 0. 
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Proof We first treat the estimates for Aj^q,. From the Cauchy formula in several variables, one 
can write 

.gg. dvody^'^hei(a2~s+k+i)dt^Aj{vo,vi, Mheijai-s+k+i)) 
no!ni!n;jg/(^2-S'+fc+i)^/i! 

= (tT—T^' ~^ ~^ / / '^heI{a2~S+k+l) ^j{X0,Xl,{S,h)heI{a2-S+k+l)) 

^^^ JC(vo,5) Jc(vi,S) JC(uh,S) 

dxodxi^h€i{a2-S+k+i)dCh 



for all \vo\ < R, \vi\ < R, \uh\ < p, h £ I{a2 — S + k + 1) and j € /(a2 — S + k) where R is 
introduced in Section 2.2. The integration is made along positively oriented circles with radius 
6 > 0, C{vo,6),C{vi,6) and C{uh,S) for h G I{a2 — S + k + 1). We choose the real number 
5 > 6 in such a way that R + 6 < R' where R' is defined in Section 2.1 and 6 at the beginning of 
Section 3.1. Now, since the functions a{xo,Xi) aiid ap(xO) Xi) are holomorphic on D{0, -R')^, the 
number v > (see ([5|)) can be chosen large enough such that there exist real numbers o, Op > 0, 
for < p < d, with 



:d^^,a{xo,Xi), ^ :d''.^,apixo,Xi] 

I , , , 1 < a , sup I , , , 

|xol<R+<5,lxi|<^+<5 'l'^' |xol<R+<5,lxi|<^+'5 '0!Z^° 



(69) sup I ^ , , , \<a , sup I , , /„ 1 < fl; 



p 



for all ^0) h > 0. We recall also that for any integers k,n > 1, the number of tuples (6i, . . . , 6^) G 
N*^ such that 6i + • • • + 6fc = n is (n + /c — 1)!/((A; — l)!n!). From these latter statements and the 
definition of Aj given by (fT^ , we deduce that 

(70) \Aj{xo,Xi, iCh)hei{a2-S+k+i))\ < au{j + lf{p + 6) + {d+l) max ap(p + 5fVd{j) 

0<p<a 

(since p > 1), where 

(71) v,{j)=^-^^ = nt,u + i) 

is a polynomial of degree d in j with positive coefficients, for all |xo| < R + S, \xi\ < R + S, 
\^h\< P + S, h€ I{a2 - 5 + A; + 1) and j G I{a2 -S + k). Gathering ^ and ^ yields (l66D . 
Again, from the Cauchy formula in several variables, one can write 



'^o!ni!to! 2^7^ JcivnJ] Jciv-,,S] Jc(un,5) 



(Xo - «o)"»+Hxi - t'O^^+H^o - uoy°+^ 

for all |fo| < R, \vi\ < R, \uq\ < p. Again, one chooses the real number 5 > 6 in such a way that 
R + 6 < R'. By construction of bi^k,ai in Section 2.2, we deduce that there exist two constants 
Di,k, Dik > such that 

(73) \bi,k,aAxo,Xi,Co)\ < Di^kip + Sf^^'-aiWl^ 

for ah ai > 0, all |xo| < R + 6, \xi\ < R + S, [Col < P + S. Gathering ([72]) and ([73]) yields ([UT]) . 
D 
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^From ([67|) . we deduce that 



L 



(74^ l^i,Mil(^o>^i.^o) < ^i,fe(P + ^)'^'''^D 



On the other hand, from the Proposition 5, we deduce that 

(75) ||Aj^a2-5+fc+l(Vb,"l4,(f^/i)?te/(a2-S'+A:+l)) 

< |Aj^a2-5+fc+i|(Vb, Vi, (C//i)/ig/(Q,2_5+fc+i)) 

X ll(^[/j*a2-5+fc)(Vb, Vi,(C/h)hG/(Q2-5+fc))llp,a2,Vb,V'i,(C//.)he/(c«2)' 

^From ([66]) . we deduce that 



(76) |Aj_Q2_5+fc+i|(Vb, Vl, (C//i)/tg/(a2_5+fc+l)) 

^ ai/(a2 - 5* + fc + l)^(p + <5) + (d + 1) maxo<p<rf ap(p + 5YVd{a2 - S + k) 

~ (1 - f )(i - f )n,g,(„2-5+fe+i)(i - %) 

for all J € /(a2 — S" + A;). Now, from the definition of tJh = ^/{h + 1), where 6 > 1, we know 
that there exists k > such that 

(77) n,e7M(l-^)>Ac 
for all a > 0. From Proposition 6, we have that 

exp(-cjp^^l^) 

(78) \\{^U,'^a2-S+k){Vo,Vl,{Uh)heI{a2-S+k))\\p,a2yo,V^,(UhheJ^^^^ < ^ j^^-fc-l . ^ _ ^ ^ ^x 

X \\'^a2-S+k{Vo,Vi,{Uh)hena2-S+k))\\p,a2-S+k,Vo,Vi,(Uh)hsHc2~S+k)- 

Collecting the estimates ([76]), dZZD and ([78]), we get from ([TSD that 

(79) II 2^ ^j,a2-S+k+l{yO,yi,{Uh)heIia2-S+k+l)) 

jeI(a2-S+k) 

X {du,^a2-S+k){Vo,Vi, {Uh)h€lia2~S+k))\\p,a2yoyi,{Uh)hei(c2) 

< '^P,a2\\^a2~S+k{Vo,Vi,{Uh)heI{a2-S+k))\\p,a2-S+k,VQyuiUh)hei(c2-S+k) 

where 

_ ai'ia2 -S + k + lf{p + 6) + {d+l) maxo<p<rf ap(p + 5YVd{a2 - S + k) 



(1 - f 

(CK2 



a - f )(i - f ). 



5 A-^ 5 

exp(-(Tp-f^) 1 



^(a2-S + k + l)((a2 - 5 + A;)" + 1). 



Now, we recall the following classical estimates. Let 5, mi,m2 > positive real numbers, then 
(80) sup(x + (J)""^ exp(-m2x) < ( — )™i exp(-mi) exp((5m2) 

a;>0 "^2 
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holds. Hence, 
(81) 



av{a2 -S + k + l)2(a2 + 1)^^+^,,,) ^ <^-P{-m+d.,,) Y+d,., exp(,^a(5 - k)) 



^' ^ ^"^-' (l-f)(l-f)^ 

(d + 1) maxo<p<dapPrf(Q2 - 5 + fe)(a2 + l)K<i+rfi..)((!^iA^£^)rf+^i,. exp(5cT(5 - k)^ 
^ (1-^)(1-^)k 



(5 

a2-5 + A: + l)((a2-5 + A;)^ + l) 



X 



()^n;tY-^(a2 - / + 1) 



Under the assumptions ([60]) . one gets a constant Cs.i > (dependmg on a, maxo<p<rf ap, 6, 5, 6, d, 
di^fc) c, z^, S", fc, K, Vb, Vi) such that 

(82) {p + 6)'''-'Ap,a,<Cs.i 

for ah p > 0, ah 02 > 5" - /c. Finahy, gathering ([65]), dH]), ([79]), ([82]), one gets that 

< y ( y — ^ — ^: ^^r. 



2- " ' " 



xC8.i||^„,_5+fc(^0,I^l,(C/.).e/(a2-5+fc))llp,.2-5+fc,yo,V.,(f/0...(.2-s+.,)^"^^"'^^^ 



(l-f)(l-^)(l-^)(l-^i,,VF) 

xW^^-'=||xI/(yo,Fi,(C/,),>o,VF)||(,,^„,v'„(i/,),>o,w^) 

provided that Vq < 5,Vi < 5, Uq < 5 and T^ < l/Di^k, which yields (f6T]) . 

2) Now, we turn towards the estimates (|63p which will follow from the same arguments as 
in 1). Using Lemma 3, we get that 

(84) \\B2,k{Vo. Fi, f/o, W^)5/+'=Db^(^o, ^i, {Uh)h>^. ^)ll(p,Vbyi,(i/.).>o,iy) 
^ V^i' V^ l-^2,fc,ail(Vb,t4,^o) ii "^ . . . . 

< 2^1 2^ ^^-j II 2^ t'j,a2-5+fc+l(l/0, n,((^/ij/ie/{a2-5+fc+l)j 

o>0 ai+Q:2=a,02>S'— A; j&I{a2—S+k) 

X (^C/,^a2-5+fc)(Vb,^l,(t//i)/,e/(a2-5+fc))llp,a2,V'o,yi,(i7h)he/(c«2)^" 

In the next lemma, we give estimates for the coefficients of the series Bj^q and |-B2,fc,a|- 
Lemma 6 1) The coefficients of the Taylor series of^j^a2-S+k+i{Vo,Vi,{Uh)hei{a2-S+k+i)) 

Bj,a2-S+fc+l(Vb,"Vi, {Uh)h£l(a2-S+k+l)) = 

■'j,a2-S+k+l,no,ni,{lh)hei(a2-S+k+i) „ I „ 1 -^-^'iG/(Q!2-5+fc+l) , , 



no,ni,lh>0,heI{a2-S+k+l) 
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satisfy the next estimates. There exist a constant 6 > 0, with 5 > 6 such that 

, s ^J,0'2-S+k+l,no,ni,ilh)hGl(a2-S+k+i) l'{a2 - S + k + l){p + 5) 

for all a2 > S — k, all j G I{a2 — S + k), all no,ni, Ih ^ 0, h G I{a2 — S + k + 1). 
2) The coefficients of the Taylor series o/ |i?2,fc,oil(^0) ^ij f^o) 



|-B2,fc,ail(Vb,Vi,C/o) = 2J b2,k,ai,nQ,ni,lQ-rj-rj^ 



n\ ttIo 
!__0_ 

no! nil y. 



no,ni,/o>0 

satisfy the following inequalities. There exist constants 6 > 6, D2^k,D2^k > with 

for all ai > 0, all nQ,ni,lQ > 0. 

Proof 1) From the Cauchy formula in several variables, one can check that 

dvod'^i^h£l{a2-S+k+l)du^hBj{vo, Vi, (Uh)heI{a2-S+k+l)) 



(87) 



(tt^)"^" ^ ^ / / '^hei{a2-s+k+i) Bj{xo,Xi,{^h)heHa2-s+k+i)) 

^^^ JC{vo,5) Jc{vi,S) JC{uh,S) 

dxodxi^hei{a2-S+k+i)d^h 



Ih+l 



for all l^ol < R, \vi\ < R, \uh\ < p, h G I{a2 — S + k + l) and j G /(a2 — S + k). We choose the 
real number 5 > ^ in such a way that R + 5 < R' . From the definition given in (jlSp . we get that 

(88) \Bj{xo,Xi,{ih)h&i(a2-S+k+i))\ < i^(i + l)(p + 5) 

for ah Ixol < R + 6, \xi\ < R + S, \Ch\ < p + 6, h e I{a2 - S + k + 1) and j G I{a2 - S + k). 

Gathering ([87]) and ([HHD yields (l85l) . 

2) The proof is exactly the same as 2) in Lemma 5. □ 

^From (|86p . we deduce that 

,«n, \B2,k,aAiVo,Vi,Uo) ^ D2AP + Sy^'^D^^ 

(»yj — < 



Using Propositions 5,6, we deduce that 

(90) II 22 ^j,Q2-s+k+i{Vo,Vi,{Uh)heiia2-s+k+i)) 

3&I{a2-S+k) 

X {du,'^a2-S+k){Vo,yi, (.Uh)heHa2-S+k))\\p,a2,Vo,Vi,{Uh)h<^i(c2) 

< Bp^a2\\'^a2-S+kiyo,Vi,{Uh)heI(a2-S+k))\\p,a2-S+k,Vo,Vi,(Uh)hGi{c2-S+k) 
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where 



u{a2-S + k + l){p + 5) ^M-<ypj^;^^Ty^) 1 



and where k is introduced in ([77|) . Using the estimates ([80]) . we get 

(91) 

^ V(a2 - 5 + A; + l)(a2 + l)Mi+'i2,0(!EP(_g(H^)i+rf2,. exp(5a(5 - fc))^ 

^'^'^ "^^'"^ - ' (l-f)(l-^)^ 

a2-5 + A: + l)((a2-5 + A;)^ + l) 



X 



jS-k-l 



5Ii^-^^-\a2 -l + l) 



Under the assumptions ([62]) . one gets a constant C^,2 > (depending on 6, 6, b, d2,k, cr, i^, S, k, n, 
Vo, Vi) such that 

(92) {p + S)''^'''Bp,a2<Cs.2 

for aU p > 0, ah a2 > 5" - fe. FinaUy, gathering ([MD, dSSD, dSO]) and dM]), we get ([MD- Q 

Proposition 9 1) Let S,k >0 be integers such that 

(93) S > k + 1 + bma:x:{dl^k,d2,k)■ 
Then, for m G {0, 1}, there exists a constant Cg > (which is independent of p > 1) such that 

(94) \\Brn+iAyo,VuUo,W)d^'+'dv^^{Vo,Vi,{UH)h>o,W)\\^py^y^^^^^^^^ 

<C9T^^-'=||^(yo,V^i,(f/h)h>o,Vf^)||(p,yo,F,,(i/,),>o,m 

for all ^(^0, V^i, {Uh)h>o,W) € G(^,yo,yi,(C/ft),>o,H-)- 
2) Let S,k > be integers such that 

(95) S>k + bd3,k- 

Then, there exists a constant Cg.i > (which is independent of p > 1) such that 



(96) \\Bs^k{Vo,Vi,Uo,W)d^^+''^{Vo,Vi,{Uh)h>o,W)\\ 



ip,Vo,Vi,iUh)h>o,W) 



for all ^(Vo,Fi, iUh)h>o,W) e %vb,Vi,(c/ft),>o,iy)- 
Proof 1) We expand 



Brn+i,k(.Vo,Vi,Uo,W) = Y,B^+^^kAyo,Vi,Uo 



a>0 
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By definition, we have 

(97) ||B„+i,t(Vo, VuU„, H')8^'+'S„-„.*(V„. Fi, ([/*)*>„, M'-)lltefi,,7,.,o,.,,.>.*) 



Ell E 



a! 



Bm+l,k,ai(yQi ^1> t^o) 



ai! 

a>0 a\+a2=ci,a2>S—k 

dVm^a2-S+k{Vo,yi,{Uh)h(^I{a2-S+k) ^^ _ _ j „ 

Now, using Lemma 3, we deduce that 

(98) IIB^+U'Co, Vi, f/o, W')8S.*+''£V„.*(Vo, Vi, (C/.)/.>0, W')ll(,,(4,v^,(t/»)„.,H.-) 



£E( E 

a>0 ai+a2=a,cx2^S—k 



\Bm+l,k,ai\(yO,yi, Up) 

ail 



X \\{dVm^a2-S+k){Vo, Vi, {Uh)heIia2-S+k))\\p,a2,VQ,Vu{Uh)hei(c,2)'>'^'' 
^Prom Proposition 6, we know that 

(99) \\{dv^'^a2-s+k){Vo,Vi,{Uh)h&i(a2-s+k))\\p,a2,Vo,Vi,{u^)^en^^^ < ^^r^^^k^TT^TTf:^ 

X \\'^a2-S+k(.Vo,Vi,{Uh)heI{a2-S+k))\\p,a2-S+k,Vo,Vi,{UH)HeHc.2-S+k)- 

iFmm dZH), (I89D, ([981) and dMD, we get that 

xCp,«2||^c.2-5+fe(^0,"^4,(f/h)ftG/(a2-5+fc))llp,a2-S+fc,yo,Vi,(i70/>e/(c2-S+*)^^" 

where 

X 



''" (1 - f )(i - f )(i - %) v;„nfj-^Ha2 - / + 1) 



Using the estimates (j80|) . we deduce that 

^m+i,fc( ''"+^(y_T;"'^ )"'"+^-^ exp(5cT(5 - A:)) (^^ + 1)^^ 



r < uyu-r.j 



■m.+ l,fc 



(1 - f )(1 - f )(1 - %) K.nfj-^Ha, -/ + !)• 

Under the assumption (j93l) . we get a constant Cg > (depending on -Dm+i,fc) (^m+i,*;; "S"; ^i (^j cT; ^O; 
Vii f^O) ^) such that 

(101) Cp,c.2 < C9 
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for all /9 > 1, all a2 > 5* - fc- Finally, collecting (jlOOp and (jlOip . we get 

a>0 Qi+a2=aiCf2>S'— A; 



1-D 



m+1 



which yields 
2) We expand 

B3.kAyo,Vi,Uo)—r. 



a>0 



By definition, we have 

(103) ||Bs,*(Vo, V,.U„. W)d^^?*'-f(V„, Fi, ([/„)„>„, M0ll,,,(4,(:^,,t;.|„.,«., 



= Eii E 



a! 



B3,k,aAyo,VuUo) 



ail 

a>0 ai+a2=a,a2^S—k 

'^a2-S+kiVo,Vl,iUh)heI{a2~S+k) ^^ _ _ J a 

^ ~\ llp,«,Vb,t7i,(£/ft)he,(,)^^ • 



Now, using Lemma 3, we deduce that 

(104) ||i?3,fc(^o,V^i,f/o,H^)5t^''+'^(^o,^i,(f//^)/^>o,H^)ll(p,yo,yiXt/.).>o,w^^ 



a\\ 



a>0 a\+a2^0L,a2^S—k 

X II^Q2-5+fc(Vb,^l,(f//i)/ie/(a2-5+fc))llp,Q2,Vb,V'i,(C7h)hg7(c2)^"- 

^From Proposition 6, we know that 

(105) ll^a2-5+fc(^0,14,(f/fe)/ie/(a2-5+fc)llp,a2,Voyi,(i/h)he7(.2) " '^^^i7^:^^]l^\ 

X ll^a2-5+fc(Vb,^l,(C^/i)/ig/(a2-S+fc))llp,a2-5+fc,yo,Vi,(C7h)h6/(c.2-S+fc)- 

On the other hand, the coefficients of the Taylor series of |-B3,fc,oi |(Vo; ^i) t^o) 

yuQ frni fj-lo 

no! ni\ lo\ 



\B3,k,ai\{Vo,yi,Uo) = 2_^ b3,k,ai,no,ni,lo j fy-j 



no,ni,/o>0 

satisfy the following inequalities. There exist constants 6 > 6, -Ds^/fcj^a^fc > with 

b^i. 1 D3k{p + 6Y-^'^ai\b'i\ 

^ '^ no!ni!/o! ~ ^no+m+Zo 
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for all a\ > 0, all no, ni, Iq > 0. The proof copies 2) from Lemma 5. From (jl06p . we deduce that 



ai! (i_Mi)(i_^)(i_fi); 

^From (fTOT]) . (fTOil) and (fTOSl) . we get that 



< E( E ^sl 

X '^P,a2\\^a2-S+k{Vo,Vi,{Uh)heHa2-S+k))\\p,a2-S+k,Vo,VuiUh)heHc.2-S+k)^^'' 

where 



^3,fc(p + <J)'^''^- ^M-^pjirf)^: 



"'" (i-f)(i-f )(!-%) nti'=(a2-? + i)' 



Using the estimates (|80|) . we deduce that 

^d3,fcexp(-l)^^. 






(i-f)(i-f )(!-%) nfj->2-/ + i)- 

Under the assumption ([U^ . we get a constant Cg.i > (depending on D^f^, d^f^, S, k, 5, a, Vq, 
Vi,Uo,b) such that 

(109) Pp,a2 < Cg.i 

for aU p > 1, ah a2 > 5* — k. Finally, collecting (jlOSp and ()109p . we get 

(110) l|i?3,fc(^o,^i,C/o,H^)5^^^+'^(^o,Vi,(C/,),>o,Vt^)||(p,yo,Fi,(i/,W^ 

< E( E ^31 

a>0 ai+02=a,«2>'S'— fc 
x(79.i||^,,_5+.(Vb,yi,(^,),e/(a2-5+.))llp,„2-5+.,Foyi,(f/0..n.2-.+'=)^"'^ 



1 - As.fcVF 



W'-'\\^{Vo,V^,{UH)h>0,W)\\^^y^y^^^O,),>o,W) 



which yields 

D 



3.2 A functional partial differential equation in the Banach spaces of in- 
finitely many variables G(p,t/o,i>i,{c/)h>o,VK)- 

In the next proposition, we solve a functional fixed point equation within the Banach spaces of 
formal series introduced in the previous subsection. 

Proposition 10 We make the following assumptions 

(111) S'> A: + l + max(6(di,fc + 2) + 3,(i+l + 6((i + di,fc + l)) , S > k + 3 + b{2 + d2,k), 

S > k + 1 + bmax{di^k,d2,k) , S > k + bd^^k 
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for all k ^ S. Then, for given Vo,Vi,6 > 0, there exists W > (independent of p > 1) such 
that, for all I{Vo,Vi, {Uh)h>o,W) G G'(^ y^ ^^ (f;^)^^^^^), the functional equation 

(112) ^(^0, Vi, {Uh)h>o, W) = Y, Bi,k{Vo. Vi, Uo, W)d^^+''dvo^{Vo, Vi, {Uh)h>o, W) 

kes 

+ B.^kiVo, Vi, Uo, W)d^^+''nA^iVo, Vi, {Uh)h>o, w) 
+ Y. B2,k{Vo, Vu Uo, W)d^^+''dv,^{Vo, Vu {Uh)h>o, W) 

k£S 

+ B2,k{Vo, Vi, Uo, W)d^^+''B-B^{Vo, Vi, {Uh)h>o, W) 

+ Y, Bs,k{Vo, Vu Uo, W)d^^+''^{Vo, Vu {Uh)h>o, W) 
kes 

+ i{Vo,Vi,{Uh)h>o,W) 
has a unique solution 'i'{Vo,Vi,{Uh)h>OiW) € G/ Y^y^m^^^ y^y Moreover, we have that 

(113) 11^(^0,14, (f/h)/.>o,H^)ll(pyo,y„(f7,),>oW < 2||/>o, ^i, (C//.)/^>o, W^)ll(p,vb,Vi,(£/.).>o,l^)- 

Proof We consider the map Tl from the space G[[Vo, Vi, {Uh)h>Oj W]] of formal series (introduced 
in Definition 1) into itself defined as follows: 

(114) m{A{Vo, Vi, {Uh)h>o, W)) = Y Bi,k{Vo, Vi, Uo, W)d^^+''dvoA{Vo, Vi, {Uh)h>o, W) 

kes 

+ B^^k{Vo, Vi, Uo, W)d^^+^BAA{Vo, Vi, {Uh)h>o, W) 

+ Y. B2,k{Vo, Vu Uo, VF)9/+'=9y, A(Fo, Vi, {Uh)h>o, W) 
kes 

+ B2,k{Vo, Vi, Uo, W)d^^+''BBA{Vo, Vi, {Uh)h>o, W) 

+ Y B^,k{Vo, Vi, Uo, W)d^^+^A{yo, Vi, {Uh)h>o, W) 

kes 

for all A(l^o, ^i, {Uh)h>o, W) G G[[Fo, Vi, {Uh)h>o, W]]. 

In order to prove the proposition, we need the following lemma. 

Lemma 7 Let id the identity map x >-^ x from G[[Vo,14, (Uh)h>o,W]] into itself. Then, for a 
well chosen W > 0, the map id — 9Jt defines an invertible map such that (id — 9JT)~^ is defined 
from G/ y y ifj \ y/\ into itself. Moreover, we have that 

(115) ||(id-9Jl)-i(H(Fo,14,(t/^)/.>o,M^))||(pyo,yi,(i/,).>o,iy) 

< 2||H(yo,^i,(f^/i)/i>o,W^)||(p,Vb,Vi,(t/h)h>o,H') 
for all 'E{Vo,Vi, {Uh)h>o,W) G G'(pyg,yi,(t7^);,>o,iy)- 

Proof Taking care of the constraints pil|) . we get from Propositions 8 and 9 a constant Cio > 
(depending on the constants introduced above and also on the aforementioned propositions: 
a, maxo<p<d ap,S, 6, b, d,maxk(zs di,k, 
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maxfce^-Di^fc, max^g^ d2,fc,maxfcg5D2,A:, max^g^ (i3_fc,maxfc65 L>3,fc, a,u,S,S,K,Vo,Vi but inde- 
pendent of p > 1) such that 

\\m{A{Vo,Vu{U,,),,>o,wmipyo,v^M)n>o,w) 

<C7io(5^Ty^-'=)||A(yo,Fi,(f//.)/.>o,H^)ll(p,K,,F,,(t7,),>o,H') 
kes 

for all A(Vb,FL, (f/h)/x>o, W^) € G'(p,Vb,V'i,(c7h)h>o,W') ^itli < VF < min„g{o,i,2},fcG5 l/(2i!)m+i,fc). 
Since S > k ior all k € S, we can choose M^ > such that 



CioY,W'-''<l 



fees 
together with W < ^i^m£{o,i,2},kes l/(2-C'm+i,fe)- We deduce that 

for all A(yo, 14, (t/fe)fe>o, W) G G(^_^^ y^_(j;^)^^^ t^). This yields the estimates (HIS]). □ 

Finally, let i{Vo,Vi,{Uh)h>o,W) € (^(^yj, ^-^ (p^)^^^ ly) for Ty > chosen as in Lemma 7. We 
define 

"^{Vo, Vi, iUh)h>o, W) = (id - m)-\l{Vo, Vi, iUh)h>o, W)). 

By construction, 'i^(Vo,Vi,{Uh)h>o,W) belongs to G'(p,yo,yi,(0',,)h>o,VK) ^^'^ solves the equation 
(fTT2]) with the estimates (fTT3]l . " D 

4 Analytic solutions with growth estimates of linear partial dif- 
ferential equations in C^. 

We are now in position to state the main result of our work. 

Theorem 1 Let bm,kit,z,uo,w) be the functions defined in (^ for m = 1,2,3 and k ^ S. Let 
us assume that there exists 6 > 1 such that 

(116) 5'> A: + l + max(6((ii_fe + 2) + 3,(i+l + 6((i + di,fc + l)) , 5 > fc + 3 + 6(2 + dg.fc), 

S >k + 1 + hTaayi{di^k-,d2^k) , S > k + bd^^k 

for all k € S. For all < j < S — 1, we consider functions u]j{t,z) which are assumed to be 
holomorphic and bounded on the product Z)(0,i?')^. 

Then, there exist constants a, W, Cu > such that the problem, 



(117) d^Y{t, z, w) = Y,iKk{t, z, X{t, z),w)dtd^Y{t, z, '. 

+ b2,k{t, z, X{t, z),w)d,diY{t, z, w) + 63,fc(t, z, X{t, z),w)d^Y{t, z, w)) 
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with initial data 

(118) {diY){t,z,0)=iOj{t,z) , 0<j<S-l, 

has a solution Y{t,z,w) which is holomorphic on Int(i^) x D{0,W /2) and which fulfills the 
following estimates 

^ (W/2V 

(119) sup \Y{t,z,w)\<Ci2exj>{aC{b)p) + y] sup \ujj{t,z)\ ^ ' ' 

{t,z)&-ai.{K),w£D{0,W /2) -^^ {t,z)&nt{K) J- 

where ("(6) = X]„>q 1/(^ + 1)''; for any compact set K C D{0,R)'^ \ Q with non-empty interior 
Int(i^) for some R < R' and any p > 1 which satisfies (0). We stress that the constants 
a, W, Ci2 > do not depend neither on K nor on p > 1. 

Proof By convention, we will put u}j{t, z) = for all j > S. On the other hand, we specialize 
the functions Wq, which were introduced in ([7]) in order that 

(120) iOa{vo,Vi,{Uh)heI{a)) =iOa{vo,Vi,Uo) 

/ ct'( 1 1 1 ; ; 

keSai+a2=a i z i z 

b3,k,ai ivo,Vl,Uo) UJa^+k{vO,Vl) . 

By construction and using the definition (|13|) . we can write with the help of the Kronecker 
symbol, 

(121) ^a,no,ni,ilh)hsHc,) = '^a,no,ni,lo X ^hel{a)\{0}^0,lh 

where 

Wa,no,ni,«o = SUp \d^^' 8^^^ ^ll'^U}a{vO,Vl,Uo)\■ 

\vo\<R,\vl\<R,\uo\<p 

Lemma 8 There exist Vq, Vi,W > such that the formal series 

(122) n{Vo,Vi,{Uh)h>o,W) 

belongs to G, v y m ) w)- Moreover, there exists a constant Cu > (independent of p) 
such that 

(123) ||Ji(yo,Vi,(C/,),>o,ty)!l(,,v'„,v'„(c/,Wo,VF) ^ ^11- 

Proof Let k G S. By construction of h„i,k{t-, z, uq, w), we get couples of constants Di,fc; ^i,fc > 0, 
D2,k-, D2,k > and D^^^k, ^3,fc > such that 

(124) \bi,k,aAxo,Xi,(o)\ < I?i,fc(p + 5)'^i>'=ai!(Z)i,fc)-i, 

\b2A»Axo,Xu^o)\ < D2,kip+6)'''-''ail{D2,kr' , |?>3,Mi(xo,Xi,^o)| < ^3,fc(p+'^)''^-'=ai!(^3,fc)"^ 
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for all ai > 0, all |xo| < R + S < R', |xi| < ^ + ^ < R', \£.o\ < p + S. Moreover, we also get 
couples of constants i?i^fc,-Eifc > 0, -E2,fc)-E^2,fc > and E^^k,E?ji^ > such that 

(125) \d^o^a2+k{Xo,Xi)\ < Ei^ka2KEi,kV\ 

\dxi^a2+k{xo,Xi)\ < E2,ka2KE2,kT^ , \^a2+k{xo,Xi)\ < -6^3,^02! (-^3,fc)"' 

for all 02 > 0, all Ixol < -R + <J < ^', \xi\< R + S < R' ■ From iHMf and (fT25D we deduce 



2,kr 



(126) \iOa{XO,Xl,Co)\ 
keS ai+a2=a 

for all a > 0, all [xo| < R + 5 < R', \xi\ < R + 5 < R', |.^o| < p + S. ^From the Cauchy formula 
in several variables, one can write 

j m - (77— J / / / ^a[XO,Xl,i.O) 

nolniUol 2i7r JcivQ,S) Jcivr,S) Jciuo,5) 

dxodxidCo 



(Xo - «o)""+Hxi - I'O^^+HCo - uoy°+^ 
for all |?;o| < R, \vi\ < R, \uq\ < p. We deduce that 

/127^ ^a,no,ni,lo ^ 1 



no!ni!/o! ~ 5"o+ni+«o 
X E E o^KDi,kEi,k{p + Sf'''^ {Di,kr' {KkT' + D2,kE2,k{p + ^f''' iD2,kr {E2,kr' 

k&S ai+a2=a 

+ D3,kE3,k{p + ^f''" iD3,kr' ihkr') 

for all a > 0, all no, ni, /q > 0. Using ()12ip . we get that 

(128) mVo,Vr,{Uf,),>o,W)\\^,yo,Km),^o,w) 

4^0 no,6'o>o «^P(^^''(«)^) (^0 + ni + /o + a)! 

^From (|127p , (|8U|) and with the help of the classical estimates 

(no + ni + Iq + a)\ > no!ni!/o!a!, 

for all no,ni,/o,CK > 0, we get a constant Cn^i > (depending on Dik,di^k,Ei^k,D2,k,d2,k,E2^k, 
D^^kA^.kiE^^k for all k G 5,(7,(5) such that 

(129) ||J^(Vo,V^i,(^.)h>o,H^)ll(,,vb,v^,(P,),,„,^) 

^ Cii,i v^ 1 

1 1 

+ - ^ ^— ^ ^ + 



(1 - I)2,feM/)(l - E2,kW) (1 - I)3,feM^)(l - E^^kW) 
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We choose 

(130) {)<W < min(l/(2Di,fc), 1/(2^2,^), l/{2b^,k), l/(2ii,fc), 1/(2^2,^), 1/(2^3,^)), 

< Fo < '^/2, < Vl < 5/2, 0<Uo< S/2. 

^From (|129p we deduce the inequaUty (|123p . □ 

Under the assumption ()116p . we get from Proposition 10 four constants < Vq < ^Oi < Vi < 
Vi 1 < f/o and < W < W (independent of p) such that the functional equation 

(131) ^{Vo, Vi, {Uh)h>o, W) = Y,{Bi,k{Vo, Vu Uo, W)d^^+''dvo^{Vo, V^ {Uh)h>o, W) 

fees 

+ Si,fc(^o, VuUo, W)d^^+''BA^{Vo, Vi, {Uh)h>o, W)) 

+ Y.^B2,k{Vo, Vi, Uo, W)d^^+''dv,^{Vo, Vu {Uh)h>o, W) 
fces 

+ B2,kiVo, Vi,Uo, W)d^^+''nB^{Vo, Vi, {Uh)h>o, W)) 

+ J2 BsM^o, Vu Uo, W)d^^+''^{Vo, Vu {Uh)h>o, W) 
fees 

+ n{Vo,Vi,{Uh)h>o,w) 

has a unique solution ^(Vq; ^i, {Uh)h>o-, W) belonging to G'(„ yo,Vi,(C/h)h> ,W) which satisfies more- 
over the estimates 

(132) 11^(^0, ^i,(f//.)^>o,H^)ll(pyo,yi,(f/.).>o,H') < 211^(^0,^1, (f//.)/.>o,H^)ll(pyo,yi,(i/.).>o,H') 

< 2Cii. 

Now, from Proposition 4, we know that the sequence ¥'«,reo,ni,(ih)hg7(„) introduced in (fT2]) satisfies 
the inequality 

y^'^'^) 'fa,no,ni,{lh)hei{a) — 'V'a,no,ni,{lh)hei(a) 

for all a > 0, all no, ni, If^ > 0, for h G I{a). Gathering (|132p and (|133p . and from the definition 
of the Banach spaces in Section 3.1, we get, in particular, for uq = ni = Ih = 0, for all h € /(a), 
all a > 0, that 

(134) sup \(t>a{vo,Vl,{uh)he^a))\<i^afi,0,(0)^,^J^^) 
\vo\<R,\vi\<R,\uh\<p,heIia) 

< 2Cuexpian{a)p)i^ral < 2Cii exp(aC(6)/>)(i)°a! 

for all a > and where C{b) = Z]„>o ^/(.^ + 1)^- From (|134p . we get that the formal series 
U{t, z, w) introduced in Q actually defines a holomorphic function (denoted again by U{t, z, w)) 
on Int(K) X D(0, T^/2) for which the estimates 

(135) sup \U{t,z,w)\<4Cuexp{aC{b)p) 

{t,z)elnt(K),w€D{0,W /2) 

hold and which satisfies the equation (jlip on Int(i^) x D{0, W /2). 
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Finally, we define the function 

5-1 



Y{t, z, w) = d-^U{t, z,w) + Y, ^j{t, z) 



W-' 



J- 

By construction, Y[t,z^w) defines a holomorphic function on Int(if) x D{<d,W /2) with bounds 
estimates 

(136) sup \Y{t, z,w)\< 4(— )^Cn expK(6)p) 

{t,z)elnt{K),weD(ld,W /2) ^ 

+ \ sup \i^j{t,z) y ' 

and solves the problem ()117p . (jllSp . This yields the result. □ 
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